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Abstract. We consider one-dimensional parabolic free boundary value 
problem with a non-local (integro-differential) condition on the free 
boundary. Results on C m -regularity of the free boundary are obtained. 
In particular, a necessary and sufficient condition for infinite differen- 
tiability of the free boundary is given. 
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1. Introduction 

In this paper we study the regularity properties of the free boundary in 
the following one-dimensional parabolic free boundary value problem. 
Problem P. Find s(t) > and u(x,t) such that 

(1.1) ut = u xx — An, A = const > 0, < x < s(t), t > 0, 



(1.2) u(0,t) = /(t), t>0, 

(1.3) u(x, 0) = ip(x), x G [0, 6], 8(0) = b>0, v?(0) = /(0), 

(1.4) u x (s(t),t) = 0, t>0, 

raft) 

(1.5) s'(t) = / u(x,t)dx, t > 0. 

J o 

Notice that (|1.2|) - (|1.4|) are mixed type boundary conditions for the para- 
bolic equation (jl.ip . and (j 1 . 5 1) is an integro-differential condition on the free 
boundary x = s(t). 

Our goal is to examine the relationship between the smoothness of the 
functions f(t) and s(t), and to show the essential impact of the nonlocal 
character of Condition (jl.5p on the regularity properties of the free boundary. 
As in [9], our approach is based on the theory of anisotropic Holder spaces. 

In Section 2 we estimate from below the Holder and C m - smoothness of 
the free boundary. In Theorem 12. 1^ we prove that if f(t) has continuous 
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derivatives up to order m on (0, T], T > 0, then s(t) has continuous deriva- 
tives up to order m + 1 on (0, T]. Therefore, if fit) is infinitely differentiable 
on (0, oo), it follows that s(t) is infinitely differentiable on (0, oo) as well. 

However, it turns out that s(t) may not have derivatives of order higher 
than two if we assume f(t) £ C 1 ([0, oo)) only (see Section 3, where we 
estimate the smoothness of s(t) from above). More generally, in Theorem l3.3l 
we prove that if s(t) has on (0, T] continuous derivatives up to order m + 2 
then f(t) has continuous derivatives up to order m on (0, T\. Therefore, if 
fit) is not infinitely differentiable on (0, oo) then the free boundary is not 
infinitely differentiable curve. 

This is in a striking contrast with the case of well known one-dimensional 
Stefan problem (see [5] Ch. 8], [8], [7J, [H Ch. 17]), where the infinite 
differentiability of the free boundary does not require infinite differentiability 
of the boundary data at x = (see [2], j3], [3], [9]). In our Problem P, 
because of the nonlocal character of Condition (jl.5p . the smoothness of the 
free boundary is essentially related to the smoothness of fit), namely the 
free boundary is an infinitely differentiable curve if and only if the function 
fit) is infinitely differentiable. 

2. Lower bounds for the smoothness of the free boundary 

Results on global existence and uniqueness of classical solutions of Prob- 
lem P are obtained in |12| Theorem 1.1] (see also [10], [H]). More precisely, 
the following holds. 

Global solvability of Problem P : Suppose 



Then there exists a unique pair of functions u(x,t) and sit) such that 

(i) uix,t) is defined, continuous and has continuous partial derivatives 
u x , Ut, u xx in the domain {(x,t) : < x < sit), t > 0}; 

(ii) sit) G C 1 ([0, oo)), sit) > fort > 0; 
(Hi) the conditions tl.l\ )- [T75\) hold. 

Let the pair of functions (u(x,t),s(t)) be a classical solution of Problem 
P satisfying (i)-(iii). It is easy to see that s(i) € C 2 ([0, oo)). Indeed, since 
utix,t) is defined and continuous for < x < sit), t > 0, from (]1.5p it 
follows 



(2.1) /(tJeC^QO.oo)), ^(x)GC 2 ([0,6]), /(0) = y>(0), 

/'(0) = </(0)-A^(0), ^(6) = 0. 



L 



s(t) 



s"it) = uisit),t)-s'it) + 



utix, t)dx. 



Therefore, taking into account that 



s(t) rs(t) 




u x isit),t)-u x iO,t)-Xs'it) 



u x (0,t) 
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where the expression on the right is a continuous function for t > 0, i.e., 
s{t) G C7 2 ([0,oc)). 

In this section, our main result is the following statement. 

Theorem 2.1. Suppose the pair of functions (u(x,i),s(t)) is a classical 
solution of Problem P satisfying (i)-(iii). If f(t) G C m ((0, T]), where m G 
N, m > 2 and T = const > 0, then s(t) G C m+1 ((0,T]). 

In particular, if f(t) G C°°((0,oo)), then s(t) G C°°((0,oo)). 

In the proof of Theorem 12.11 we need some preliminary results. First we 
use the change of variables £ = ^y, t = t to transform (1) to an equation 
in a cylindrical domain by setting 

(2.3) v(S,t)=ufa(t),t), Q = {(£,*): 0<£< 1, i>0}. 
Then, in view of (i)-(iii), it follows that v, v^, vt, G C(Q) and 

(2.4) Lv := v t - - ^-v^ -Xv = for (£, t) G Q, 

(2.5) v(0,t) = f(t), w(£,0) = p(£s(0)), «f(l,t) = 0. 
From (12. 2ft we obtain 

(2.6) s"(t) = (v(l,t)-X)s'(t)-^-v^0,t), t>0. 
For convenience, we set 

(2-7) Qg a = {(£, t) : 5i < £ < <5 2 , e < t < T}. 

In order to prove Theorem l2.1l we are going to estimate the Holder smooth- 
ness of v(£, t) and s(t) in terms of the Holder smoothness of f(t). To this end 

we use anisotropic Holder spaces H m+e, ^~ [Ql^J , where m = 0, 1, 2, . . . 

and £e (0,1). 

Recall that H m+i, ^~ (G) is the Banach space of all functions v(£, t) that 
are continuous on G together with all derivatives of the form D^D^v for 
k + 2r < m and have a finite norm 



|(m+0 _ y-^ 

j=0 k+2r=j k+2r=m 



i«h&--' = £ E p?^ + E ^ r 



(0) _ 



+ E Pf^)^ 2) + E ^P r Af\ 

k+2r=m k+2r=m—l 

where G is a bounded rectangular domain, (v)i G and {v)l G are the Holder 
constants of a function i) in £ and t respectively in the domain G with 
the exponent £, I G (0,1), and |Z)|DJ"v|w = maxg |£)|D[i;|. For more 
details about the corresponding definitions and notations we refer to the 
book [6j Intr., p. 7]. 
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In the following the functions of one variable t are regarded as functions 
of two variables x and t. 

Proposition 2.2. (a) For every T > 0, £ G (0, 1) we have 



(2.8) H^foSf 



foj // /(*) G H m+l ^ (QqJ\ , w/iere m G N, m > 2, £ G (0, 1) and 
T > e > 0, i/ten 



(2.9) t,(e,t) G H m+l ^ (q|T) Ve G (e,T), 

and 



(2.10) .(*) G F-+ 3 +^^ Ve G (s, T). 

The following lemma helps to make the inductive step in the proof of 
Proposition 12.21 



Lemma 2.3. Let e > 0, £ G (0, 1), k G N, 



(2.ii) /^^(ggj 



and w;^ exists in in the case k = 1, and Ze£ satisfy the equation 

(2.12) Zu; := ™ t - a(£, i)«J« - &(& *H - c(£, *)w = F(£, t), (£, *) G Q*'J, 
w/iere 



(2.13) a, 6, c, F G fl*- 1 ^ 4 -*** (O^T) , a(£, t) > const > 0. 
// 

(2.14) tu(0,t) = /(t), w e (l,t)=p(t), e<t<T, 

(2.15) /(*) G H^>^ (^J) , g{t) G (^f 
then 



(2.16) G H k+1+e ' h± i ±l (Qff) Vf G (e,T). 

Proof. Fix e G (e, T) and choose arbitrary G (e,i) and 5 G (1/2,1). 
Consider a function i) of the form ip(£, t) = ipi(£) ip2(t), where ipi,tp2 G 
C°°(M), 0<MO,Mt) < 1 and 

fl if £ < 1/2 , . fl if t > e 

{2A7) W{, = {o Alt • « () = {o if( < E r 

Then the function wi(£,t) = w(£, t) t) is a solution of the boundary- 
value problem 



(2.18) Lw 1 = F l &t), (^t)eQ e ' t 



S ' 
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(2.19) u>i(0,t) = /(t)$j(t), wi(6,t) = 0, e<t <T, 

(2.20) wi(£,e) = 0, 0<£<5, 
where 

(2.21) Fx(£,t) = Fi/) + w {ipt-aipa ~ Hi) -2aw^. 



In view of <(ZTT|> and (^T3j) . it follows that , t) G H k - 1+i '^ ±l [Q e ' T 



v 50,5 

Therefore, applying Theorem 5.2 of O Ch.4], we conclude that Problem (|2.18p - 
(|2.20p has a unique solution 



Thus, taking into account the construction of the function tp(^,t), we obtain 

(2.22) *&t) € H* 1 *^ (Q&y 

Next, we fix 5 G (0, 1/2) and choose, for arbitrary 5\ G (5, 1/2), a function 
G C°°(M) such that 



o < < i, 



1 if £ > 1/2, 
if £ < Si. 



Now we set ip(^,t) = ipx(£) ip 2 (t) , where ip 2 (t) is given by ()2.17|) . Then the 
function w 2 (t;, t) = w(£, t) t) is a solution of the boundary value problem 

(2.23) Lw 2 = F 2 (Z,t), &t)eQl'T, 

(2.24) d^w 2 (S,t) = 0, dt:w 2 (l,t)=g(t)Mt), e<t<T, 

(2.25) W2 (^s)=0, 6<ti<l, 
where 

(2.26) F 2 (£, t) = F i> + w U t ~ a^n ~ Wz) - 2aw^. 



From (gUD and (12T3D it follows that F 2 (£,t) G fffc-i+A 4 -^ (Qf>^ 

Therefore, by Theorem 5.3 of [6, Ch.4], Problem (|2.23p - (|2.25p has a unique 
solution 

Now, taking into account the construction of the function i/j(£,t), we obtain 

(2.27) ^,t)G^ +1 +^(o|j). 



Finally, (12221) and (j2T27j) imply that w(£,t) G F^ 1 ^'^^ (Qo'J) » 
which completes the proof of Lemma 12.31 □ 



6 ROSSITZA SEMERDJIEVA 



Proof of Proposition \2.S\ Since v(£,t) G C 2,1 [Qq^j , we have that v, v^, 

v%£, vt G L q [Qq'Jj for every q > 1. Therefore, by Lemma 3.3 of [6] Ch. 2] 

it follows that v^(^,t) is Holder continuous in i with exponent 1 — 3/q for 
every q > 3. Hence (12. 8j) holds. 

We prove the assertion (b) by induction in m. Let m = 2; suppose that 

/(t) e H^ 2 ~¥ (of,) , te(0,l). 

From (|278l> and (|2lfl) it follows that 

^)^ 4+ ^(^l), /€(0,1). 

Now it is easy see that the coefficients of the operator L in (j2.4j) satisfy the 
assumption (12.130 in Lemma 12.31 for k = 1. Therefore, applying Lemma 12.31 
in the case = 1 to the Problem (|2.4p - (]2.5p . we obtain that 

v&t) G (of) V £ ~G( £) T). 

Then, in view of (|2.6p . we conclude that 

S (t)Gff^(Q|T) Vf6( e ,T). 

Hence, (12. 9p and (12.10P hold for m = 2, i.e., the assertion (b) holds for 
m = 2. 

Assume that (b) holds for some m > 2; we shall prove that (b) holds for 
m+ 1. Let f(t) G F m + 1 +^ Hii ^ (Q^f) . Then from the inductive hypoth- 
esis it follows that (|2.9p and (I2.10P hold. Therefore, the coefficients of the 
operator L in (I2.4p satisfy (I2.13P with k = m. Thus, by Lemma 12.31 we con- 
clude that v(£,t) G H" 1 ^ 1 ' 22 ^ (Qo'J) W g ( £ ' T )' Le -' (EIU) holds for 

m + 1. Now, in view of (123]) . we obtain that a(t) G fT" 444,4 ' 2 *^ fa^) , 

Ve G (e, T). Hence, (|2.10p holds for m + 1 as well. This completes the proof 
of Proposition 12.21 □ 



Proof of Theorem{2Jl If f(t) G C m ((0,T]) for some m > 1, then 

/Wg^-w^ (ogf) Veg(o,t), vie (o,i). 

Now, for every fixed e > 0, Proposition 12.21 implies that 

8(f) G H 2m + 2 + i,^±l ^ y ~ e (£> r) _ 

Thus, it follows that s(i) G C m+1 ((0, T]). This completes the proof of The- 
orem 12.11 □ 
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3. Upper bounds for the smoothness of s(t) 

Now we are going to explain that the smoothness of s(t) (in terms of 
Holder scale) is bounded above by the smoothness of f(t). 

Proposition 3.1. Let v(£,t) be the function defined by \2. 3\) (and satisfy- 
ing l[2.4\ )- (2^B\) ). Then for every m G N, e > and T > e the following 
implication holds: 

(3-1) 

s(t) € fl-W^ (^J) v ^ t) e flm+i+i,^ (q^J) ye e ( e ,T). 

In the proof of Proposition 13, II we need the following statement. 
Lemma 3.2. Let e > 0, I G (0, 1), k G N, 

(3.2) ^,t)G^+^(^J) 

and exists in Qq\ in the case k = 1, and Zei tu(£,t) satisfy the equation 

(3.3) Lu; := ^ - a(£, i)^ - *H - c(£, *)«> = *X£, *), (£, *) € 
w/iere 

(3.4) a, 6, c, F G fT*- 1 "^ 4 ^ (Qq'J) , a(f , t) > const > 0. 
If 

(3.5) w £ (0,t) = /i(t), to € (l,t)=K*)i E<t<T, 
with 

(3.6) fc(t) G (0*7) , g(t) G (0*7) , 
then 

(3.7) w&t) G H*^*** (q|f) W G (e,T). 

Proof. The proof of this statement is similar to the proof of Lemma 12.31 
Indeed, let e G (e,T); choose si G (e, e) and G C°°(IR) such that 

$(t) = 1 for t > e and ^(i) = for t < e x . Set w(£,i) = w(£,t) ■ rp(t); then 
the function w(£,t) is a solution of the boundary value problem 

Lw = F, F(£,t)=F(£,t)-4(t) + w(Z,t)$(t), (£,i)GQ £ 'J, 

w^O, t) = h(t)i>(t), wt(l,t) = g(t)i>(t), «)(£, 0) = 0. 

From ([321) and (J33D it follows that G fl*-^'*^ (QqJ) • Now > 

by Theorem 5.3 of [U Ch.4], we conclude that the above boundary value 
problem has a unique solution 

Thus, taking into account that ip(t) = 1 for t > e, we obtain that w(£,t) G 
/q|?,J\ The prQof of Lemma [32] i s complete. □ 
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Proof of Proposition I3.il We prove the claim by induction in m. 

Let m = 1; then we assume that s(t) G H 5+e, ~5~ [Qq^J an( I prove that 

v(£,t) G H 2+e ^ (Qq'J) v ^ 6 ( £ > T )- Indeed, in view of ([23]) and (l23|) . 
the function i>(£,i) satisfies the boundary conditions 

(3.8) u f (0, t) = fr(t), t) = 0, e < t < T, 
where 

(3.9) h(t) := s(t) [(v{l, t) - A)s'(t) - s"(i)] . 

From the above assumptions on s(t), and from the assertion (a) in Propo- 
sition [2721 it follows that 

h(t) G (^j) . 

Moreover, since s'(i) G i/ 3+£ '^ (Qo'T) ' we obtain in view of (|2.4p that the 
coefficients of the operator L belong to the space H 3+i '^~ [Qq^J ■ 

Therefore, applying Lemma 13.21 in the case when k = 1, L = L, w = v 
and boundary conditions given by (j3.8h . we conclude that 

«fct)e^(C) V £ ~g( £ ,T), 

i.e., ()3.ip holds for m = 1. 

Assume that the assertion holds for some m > 1. We will prove that (|3.ip 
holds for m + 1. Suppose 

*(t) G ff^^ (ogf) . 

Then from the inductive hypothesis it follows that 

v(tt) e (q^J) wg( £ ,t). 

Therefore, in view of (|3.9|) one can easily see that 

h(t) G H m +^^ (Ofj) VeG(6,T). 
Hence, applying Lemma 13.21 in the case A; = m + 1 we conclude that 
v^t)eH^^(Q^) WG( £ ,T), 

i.e., (|3.ip holds for m + 1. This completes the proof of Proposition 13.11 □ 

Theorem 3.3. Suppose the pair of functions (u(x,t), s(t)) is a classical 
solution of Problem P satisfying (i)-(iii). If s(t) G C m+2 ((0,T]), m G 
N, T > 0, then f(t) G C m ((0,T]). 

Moreover, G C°°((0,oo)), then f(t) G C°°((0,oo)). 
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Proof. Suppose s(t) G C m+2 ((0,T}); then 

s(t) G H ^+e-^ (g^f) y £ G (o, T). 
Therefore, by Proposition 13. II we obtain that 

Vee(e,T). 

Since /(i) = v(Q,t), it follows that 

/(t) E (Q|T) We(.,T); 

thus f(t) G c7 m ([e,T]) Ve G (e,T), < e < T, which implies that /(t) G 
C m ((0,T]). The proof of Theorem 13.31 is complete. □ 

Theorem 12.11 and Theorem 13.31 prove, respectively, that the condition 
f(t) G C°°((0,oo)) is necessary and sufficient for s(t) G C°°((0, oo)). In 
other words, the following holds. 

Corollary 3.4. In Problem P, the free boundary x = s(t), t G (0, oo) is an 

infinitely differ entiable curve if and only if f(t) G C°°((0, oo)). 
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